UNIFORM ESTIMATES FOR THE FOURIER TRANSFORM OF 
SURFACE CARRIED MEASURES IN R 3 AND AN APPLICATION 

TO FOURIER RESTRICTION. 

ISROIL A.IKROMOV AND DETLEF MULLER 

Abstract. Let S be a hypersurface in M 3 which is the graph of a smooth, finite type 
function <j), and let fj, = pda be a surface carried measure on S, where da denotes 
the surface element on S and p a smooth density with suffiently small support. We 
derive uniform estimates for the Fourier transform ft of p, which are sharp except 
for the case where the principal face of the Newton polyhedron of <j>, when expressed 
in adapted coordinates, is unbounded. As an application, we prove a sharp L p - 
L 2 Fourier restriction theorem for S in the case where the original coordinates are 
adapted to <f>. This improves on earlier joint work with M. Kcmpc. 
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1. Introduction 

The goal of this article is to improve on two results from our previous article [12] 
concerning uniform estimates for two-dimensional oscillatory integrals with smooth, 
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finite type phase functions, and L p -L 2 Fourier restriction for smooth, finite type hy- 
persurfaces S in IR 3 which are locally the graph of a function in adapted coordinates. 

More precisely, we shall identify in Theorems 11.11 and 11.31 exactly when the logarith- 
mic factor in the estimate (1.6) for the Fourier transform of a surface carried measure 
of S in Theorem 1.9 of (12] will be present, with the exception of the case where the 
principal face of the Newton polyhedron of 0, when expressed in adapted coordinates, 
is unbounded and is non-analytic. Examples by A. Iosevich and E. Sawyer show that 
a different behavior can indeed occur in the latter case. Moreover, we shall show in 
Theorem 1 1 . 71 1 hat the restriction theorem Corollary 1.10 of that article can be improved 
as follows: 

Assume that S is represented near a point x° as the graph of a function </>(xi, £2), and 
that, after translation of coordinates, x° = 0. Then, in the case where the coordinates 
(xi,X2) are adapted to after applying a linear change of coordinates, the restriction 
estimate holds true also at the endpoint p' = 2/i(0) + 2, where h{(f>) denotes the height 
of in the sense of Varchenko. 

If the coordinates (xi, X2) are not adapted to 0, then we will show in a sequel to this 
article that the restriction estimate can be extended to an even wider range of p's. 

We shall build on the results and techniques developed in [TT] and [12], which will be 
our main references, also for cross-references to earlier and related work. Let us first 
recall some basic notions from [TT], which essentially go back to A. N. Varchenko [2Tj . 

Let be a smooth real-valued function defined on a neighborhood of the origin in 
M 2 with 0(0, 0) = 0, V0(O, 0) = 0, and consider the associated Taylor series 

00 

0(Xi,X 2 ) ~ ^ °jk x l x 2 
j,k=0 

of centered at the origin. The set 

T(0) := {(;, k)en 2 -. c jk = -^d 2 fc 0(o, 0) + 0} 

will be called the Taylor support of at (0, 0). We shall always assume that 

T(0) + 0, 

i.e., that the function is of finite type at the origin. The Newton polyhedron Af(4>) 
of at the origin is defined to be the convex hull of the union of all the quadrants 
(j,k) + IR+ in M 2 , with (j,k) G T(0). The associated Newton diagram Md{4>) in the 
sense of Varchenko [2T] is the union of all compact faces of the Newton polyhedron; 
here, by a face, we shall mean an edge or a vertex. 

We shall use coordinates (£1,^2) for points in the plane containing the Newton poly- 
hedron, in order to distinguish this plane from the (21,0:2) - plane. 

The Newton distance, or shorter distance d = d(4>) between the Newton polyhedron 
and the origin in the sense of Varchenko is given by the coordinate d of the point (d, d) 
at which the bi-sectrix t\ = ti intersects the boundary of the Newton polyhedron. 
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The principal face 7r(0) of the Newton polyhedron of is the face of minimal dimen- 
sion containing the point (d,d). Deviating from the notation in [21], we shall call the 
series 



the principal part of 0. In case that vr(0) is compact, pr is a mixed homogeneous 
polynomial; otherwise, we shall consider pr as a formal power series. 

Note that the distance between the Newton polyhedron and the origin depends on 
the chosen local coordinate system in which is expressed. By a local coordinate system 
at the origin we shall mean a smooth coordinate system defined near the origin which 
preserves 0. The height of the smooth function is defined by 



where the supremum is taken over all local coordinate systems x = (xi,^) at the 
origin, and where d x is the distance between the Newton polyhedron and the origin in 
the coordinates x. 

A given coordinate system x is said to be adapted to if /i(0) = d x . In [II] we 
proved that one can always find an adapted local coordinate system in two dimensions, 
thus generalizing the fundamental work by Varchenko [21] who worked in the setting 
of real-analytic functions (see also [17] for another proof in the analytic case). 

Following [21] (with as slight modification), we next define what we like to call 
Varchenko's exponent z/(0) 6 {0,1} as follows (this number had been identified by 
Varchenko in [21] as what Karpushkin calls the "multiplicity of the oscillation of at 
(0,0)" in m) ■ 

If there exists an adapted local coordinate system y near the origin such that the 
principal face vr(0 a ) of 0, when expressed by the function a in the new coordinates 
(i.e. 0(x) = a (?/)), is a vertex, and if /i(0) > 2, then we put i^(0) := 1; otherwise, we 
put z/(0) := 0. 

As has been shown by Varchenko in [2Tj . the number z/(0) arises as the exponent of a 
logarithmic factor in the principal part of the asymptotic expansion of two-dimensional 
oscillatory integrals with real analytic phase functions 0. 

Analogously, we can prove the following uniform estimate for two-dimensional oscil- 
latory integrals with smooth, finite type phase functions 0, which improves on Theorem 
11.1 in [12]. 

Theorem 1.1. Let be a smooth, real-valued phase function of finite type, defined 
near the origin, as before, and let h := /i(0), v := u{(p). Then there exist a neighborhood 
Q C M 2 of the origin and a constant C such that for every rj G C^°(fl) the following 
estimate holds true for every £ e R 3 : 




h(4>) := sup{4} 



(1-1) / 



e^^+^+^nix) dx <C |M| C 3 (R2) (log(2 + |e|)) v (l + \ti\)- 1/h . 
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Remarks 1.2. (a) For some special classes of hyper surf aces, related results have been 
derived by L. Erdos and M. Salmhofer in [6], which, however, are not necessarily 
uniform in all directions. For estimates with ^ = £ 2 = 0, we refer to the recent work 
of M. Greenblatt [Zj. 

(b) For real analytic phase functions 0, if we restrict ourselves to the direction where 
£i = £2 = 0, then the asymptotic expansion of the corresponding oscillatory integrals 
in [21] shows that the estimate (11. ip is essentially sharp as an estimate in terms of |£|. 

(c) For real analytic phase functions, our result is covered by Karpushkin's work [T5] , 
who proved the following: 

If is a real analytic function defined near the origin with 0(0, 0) = 0, V0(O, 0) = 0, 
and if r is a real analytic function with sufficiently small norm (in the space of real 
analytic functions) then 



giAWaO+rCz))^ dx 



(log(2 + |A|))» 
~ CMci (2+|A|)V* ' AG 



provided the amplitude 77 is supported in a sufficiently small neighborhood of the origin. 
Moreover, the constant C then does not depend on the function r. 

(d) If h((j)) < 2, results analogous to Karpushkin's have been obtained by J. J. Duis- 
termaat [10] in the smooth setting. In this case one always has v(4>) = 0. 

(e) If h{4>) = 2, and if the principal part of 0, when expressed in an adapted co- 
ordinate system, has a critical point of finite multiplicity at the origin (so that it is 
isolated), then an analogue to Karpushkin's estimate has been established by Colin de 
Verdiere [3] in the smooth setting. Notice that if the principal part of has an isolated 
critical point at the origin, then the coordinate system is adapted to and z/(0) = 0. 



The next result, which improves on corresponding results by M. Greenblatt, shows 
in particular that, in most cases, the uniform estimates from Theorem II .11 are sharp if 

(6,6) = (0,0). 

Theorem 1.3. Let us put 

J ± (A) : = f e ±iX ^ xl ' x ^ri(x)dx, A > 0, 

</R2 

with and 77 as in Theorem li.il If the principal face vr(0 a ) of 0, when given in 
adapted coordinates, is a compact set (i.e., a compact edge or a vertex), then there 
exists a neighborhood Q of the origin such that for every rj supported in Q the following 
limits 

(1.2) hm ^_J ± (A) = C± 77(0) 

a^+oo (log \y 

exist, where the constants c± are non-zero and depend on the phase function only. 
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Remarks 1.4. (a) The proof of Theorem 11.31 reveals the following additional facts: 

If ^(0) = in the theorem, then the principal face ir(<j) a ) is a compact edge, and 
the constants c± are completely determined by the principal part 0p r of <ft a . And, if 
z/(0) = 1, and if we work in super-adapted coordinates in the sense of Greenblatt (as 
explained in Lemma [3 .4p . so that in particular 7r(0 a ) consists of the vertex (h, h), then 
the constants c± are completely determined by the principal part 0p r of <p a and the 
slopes of those compact edges of A/"(0 a ) which contain this vertex. 

(b) An analogous result for real analytic phase functions <fi has been proven by M. 
Greenblatt (Theorem 1.2 in [7]). For non-analytic, but smooth and finite type 0, the 
following weaker result had been obtained in Theorem 1.6b of the same article: 

MX) 



lim sup 

A— >+oo 



(log A) 1 



> 0. 



(c) If the principal face vr(0 a ) is unbounded, then the estimate in Theorem 11.11 may 
fail to be sharp, if is non-analytic, as the following class of examples by A. Iosevich 
and E. Sawyer [T3] shows: If 

4(xi,x 2 ) := x\ + e" 1/|xir , 



with a > 0, then 



whereas z/(0) = 0. These examples also indicate that a precise determination of the 
asymptotic behavior of J±(X) may be difficult when the principal face is non-compact. 

(d) For real-analytic phase functions depending on more than two variables and 
satisfying an appropriate non- degeneracy condition, the explicit form of the principal 
part of the asymptotic expansion of the corresponding oscillatory integrals has been 
obtained by J. Denef, J. Nicaise and P. Sargos [3]. 



The existence of an adapted coordinate system in which the principal face is a 
vertex is a priori not so easily verified, but there exists an equivalent, more accessible 
condition. In order to describe this, we first recall that if the principal face of the 
Newton polyhedron jV(0) is a compact edge, then it lies on a unique line K\t\ + n 2 t 2 = 
1, with Ki,K2 > 0. By permuting the coordinates X\ and x 2 , if necessary, we shall 
always assume that K\ < n 2 . We shall call this weight k = (ki,k 2 ) the principal 
weight associated to 0, and denote it also by K pr . It induces dilations 5 r (xx,X2) := 
(r Kl xi, r K2 x 2 ), r > 0, on IR 2 , so that the principal part pr of is k- homogeneous of 
degree one with respect to these dilations, i.e., pr (5 r (xi, x 2 )) = r(f> pT (xi,x 2 ) for every 
r > 0, and 

1 _ 1 

K\ + «2 I K I 

Denote by 
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m(0 pr ) := ord 5 i0 pr 

the maximal order of vanishing of pr along the unit circle S 1 centered at the origin. 
We also recall from [11] that the homogeneous distance of a ^-homogeneous polyno- 
mial P (such as P = pr ) is given by dh{P) '■ = l/(^i + ^2) = VI K I> anc ^ that 

(1.4) h(P) = max{m(P), d h (P)}. 

According to [H], Corollary 4.3 and Corollary 2.3, the coordinates x are adapted to 
cf) if and only if one of the following conditions is satisfied: 

(a) The principal face vr(0) of the Newton polyhedron is a compact edge, andm{cj) pr ) < 

d{4>). 

(b) 7r(0) is a vertex. 

(c) vr(0) is an unbounded edge. 

We like to mention that in case (a) we have h(<fr) = /i(</> pr ) = dh(4> pT ). Notice also 
that (a) applies whenever 7r(0) is a compact edge and k 2 /k\ 4- N; in this case we even 
have m((j) pr ) < d((f>) (cf. [11], Corollary 2.3). 

Lemma 1.5. The following conditions on <fi are equivalent: 

(a) There exists an adapted local coordinate system y at the origin such that the 
principal face 7r(0 a ) is a vertex. 

(b) If y is any adapted local coordinate system at the origin, then either vr(0 a ) is a 
vertex, or a compact edge and m(0 pr ) = d(cf) a ). 

Consider for example the function (f>(xi,x 2 ) := (x 2 — 2x\) 2 (x 2 — x\). Then = pr , 
7r(0) is a compact edge and m(0 pr ) = 2 = d((f>), so that case (b) above applies and the 
coordinates x are adapted to <fi. Moreover, z/(0) = 1. If we introduce new coordinates 
y given by y x := x l7 y 2 := x 2 - 2xj, then (p(x) = 4>(y), where 4>(y) = y\{y 2 + y\). The 
principal face of N{4>) is the vertex (2, 2), so that also the coordinates y are adapted. 

In the case where the coordinates are not adapted to 0, we see that the principal 
face 7r(0) is a compact edge such that 

(1.5) mi := k 2 /k! G N. 

Then, by Theorem 5.1 in [11], there exists a smooth real- valued function ip of the 
form 

(1.6) = hx? 1 +0(x? 1+1 ), 

with h\ ^ 0, defined on a neighborhood of the origin such that an adapted coordinate 
system (yi,y 2 ) for <fi is given locally near the origin by means of the (in general non- 
linear) shear 

Vi ■= xx, y 2 := x 2 - ^){xi). 
In these coordinates, <fi is given by 

(1.7) r{v) := 0(2/i, V2 + ^(yi)). 
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As an immediate consequence of Theorem 11.11 we obtain uniform estimates for the 
Fourier transform 

pda(g)= f e-*- x p(x)da(x), £ G R 3 , 
Js 

of surface carried measures on smooth, finite type hypersurfaces S in R 3 . Here, da 
denotes the Riemannian volume element on S. 

If a point x° on such a hypersurface S is given, which we may assume to be the origin 
after a translation of coordinates, and if we represent S locally near x° = (0, 0) as the 
graph x 3 = <f)(xi, x-2) of smooth, finite type function <p with 0(0, 0) = 0, V0(O, 0) = as 
before, then we define the height of S at x° by h(x°, S) := h(4>). This notion is invariant 
under affine linear coordinate changes of the ambient space, as has been shown in [T2] . 
Similarly, we define u(x°, S) := v(4>). Denote by da the surface element of S. Then we 
have the following improvement of Theorem 1.9 in |12j : 

Corollary 1.6. Let S be a smooth hypersurface of finite type in R 3 and let x° be a 
fixed point on S. Then there exists a neighborhood U C S of the point x° such that for 
every p G C^°(U) the following estimate holds true: 

\pd°(0\ < C \\p\\c- H s) (log(2 + |£|)r ( *°' s) (l + |£|rV^) for every £ e M 3_ 

Our second result concerns Fourier restriction to S. We shall prove that the L p -L 2 
Fourier restriction theorem of Corollary 1.10 in [12] also holds true at the endpoint, if 
S is locally given as the graph of a function <fi which is given in adapted coordinates: 

Theorem 1.7. Let S be a smooth hypersurface of finite type in R 3 , and let x° be a fixed 
point on S. Assume that, possibly after a translation of coordinates, x° = 0, and that 
S is locally near x° given as the graph x 3 = 4>(%i, x 2 ) of a smooth, finite type function 
<p with 0(0, 0) = 0, V0(O, 0) = as before. 

We also assume that, after applying a suitable linear change of coordinates, the 
coordinates {x\,X2) are adapted to <p, so that d = h, where d = d(<f>) denotes the 
Newton distance of <p and h = h = h(x°,S) = h((j)) its height. We then define the 
critical exponent p c by 

(1.8) j/ e :=2h + 2, 

where p' denotes the exponent conjugate to p, i.e., 1/p + — 1. 

Then there exists a neighborhood U C S of the point x° such that for every non- 
negative density p G C™(U) the Fourier restriction estimate 

(1-9) ( / \f\ 2 pda) 1 ' 2 < C p ||/|| iP(R 3), / G 5(R 3 ), 

J S 

holds true for every p such that 

(1.10) l<P<Pc- 

Moreover, if p(x°) 7^ 0, then the condition (11.101) on p is also necessary for the 
validity of ( \1.9L 
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The second statement had already been proven in [12], Section 12, so that we shall 
only have to prove the first statement, for the endpoint p = p c . 

Remarks 1.8. (a) The case where the coordinates (x\,X2) are not adapted to <fi will 
be treated in a subsequent article. It has turned out that in this case the restric- 
tion estimate (II. 9p is valid in a wider range of p's, with a critical exponent which is 
strictly bigger than p c and which can be determined explicitly by means of Varchenko's 
algorithm (cf. [11]) for the construction of adapted coordinates. 

(b) If the surface S is of finite line type and convex, and if the restriction property 
(11.91) holds true also in the endpoint p c = (2h + 2)/{2h + 1), then it has been shown by 
A. Iosevich in [13] that necessarily the Fourier transform of pda must decay of order 
0(|£| _1///l ) as |£| — > +oo (it can easily be shown by means of Schulz' [TS] decomposition 
of convex smooth functions of finite line type), i.e., z/(x°, S) = 0. Conversely, the decay 
rate OQ^I" 1 /' 1 ) immediately implies the restriction estimate (II. 9p also for the endpoint 
p = p c ; this is an immediate consequence of A. Greenleaf's work in [Hj. 

However, if v(x°,S) = 1, which can only happen in the non-convex case, the loga- 
rithmic factor in (II. ip is necessary, so that one cannot apply Greenleaf's result directly. 

Restriction theorems for the Fourier transform have a long history by now, starting 
with the seminal work by E.M. Stein, and P. Tomas, for the case of the Euclidean 
sphere (see, e.g., [19]). Some restriction estimates for analytic hypersurfaces in R 3 
have been obtained by A. Magyar [T5j, whose results were sharp for particular classes 
of hypersurfaces given as graphs of functions in adapted coordinates, with the exception 
of the endpoint. 

2. Uniform estimates for oscillatory integrals with finite type phase 

functions of two variables 

In this section we shall give a proof of Theorem ll.il We shall closely follow the proof 
of Theorem 11.1 in [12], which did already provide the uniform estimates in Theorem 
11.11 except for a logarithmic factor which is not really needed in many cases, as we 
shall see. 

The reader is strongly recommended to have [12] at hand when reading this article, 
since we shall make use of the notation and many results from [12] without repeating 
all of them here. 

By decomposing R 2 into its four quadrants, we may reduce ourselves to the estima- 
tion of oscillatory integrals of the form 

J(0 := / e i{ ^ ( - Xl ' X2)+ilXlH2X2) r](x 1 ,x 2 )dx. 

7(R + )2 

Notice also that we may assume in the sequel that 
(2.1) |£i| + I6|<*I&I, hence |£| ~ 
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where < 5 <C 1 is a sufficiently small constant to be chosen later, since for |£i| + 1^| > 
5\£s\ the estimate (11.11) follows by an integration by parts, if Q is chosen small enough. 
Of course, we may in addition always assume that |£| > 2. 
If x is an y integrable function defined on Q, we shall put 

J*(0 := / e i{ ^ Xl ' X2)+ilXl+ ^ X2) ri(x 1 ,x 2 )x(x)dx. 

The case where h(4>) < 2 is contained in Duistermaat's work [10] (notice that Duis- 
termaat proves estimates of the form (II. ip without the presence of a logarithmic factor 
log (2 + |£|), even for a wider class of phase functions), so let us assume from now on 
that 

h := h(<f>) > 2. 

Moreover, if h = 2, then we shall make use of the following special property: 

Lemma 2.1. If h(<p) = 2, then, after applying a suitable linear change of coordinates, 
we may assume that one of the following conditions are satisfied: 

(i) The coordinates are adapted to 0. 

(ii) The coordinates are not adapted to 0, but h(<p pT ) = h((j>). In this case, we have 
v(4>) = and m(0 pr ) = 2. 

Note that in general we only have h(<f) pr ) > h(4>), and the inequality may be strict. 

Proof. Let us assume that the coordinates x are not adapted to 0. Then the principal 
face 7r(0) is a compact edge and m(0 pr ) > c/(0) = d x . In particular, the principal part 
pr of is a polynomial which is k- homogeneous of degree 1, where we may assume 
that < K\ < n 2 , so that m := m\ = K 2 //ti > 1 is an integer. According to [TT], pr 
can be written as 

0prOl,£ 2 ) = CX°X% JJ(X 2 ~ClX™) n \ 
I 

where the q's are the non-trivial distinct complex roots of the polynomial 1 1— > pr (1, t) 
and the n/'s are their multiplicities. Moreover, there exists an Iq such that m(0 pr ) = ni 
and such that q is real. Notice also that a < 1, /3 < 1, since otherwise the coordinates 
were adapted. 

Assume first that K\ = «2- Then m — 1, and applying the first step in Varchenko's 
algorithm (see [TT], or Subsection 2.5 in [12]), we see that we can transform <fi into 
by means of the linear change of variables y\ = Xi,y 2 = x 2 — Q Xi such that either 
the coordinates y are adapted to 0, hence = a , or they are not, but then k\ < k 2 
(where pr is assumed to be R- homogeneous of degree 1). 

After applying a suitable linear change of coordinates, we are thus reduced to the 
situation where k± < k 2 , hence m > 2. Let us denote by (A , B ) and (A±, B\) the two 
vertices of 7r(0), and assume that Aq < A±. Recall from [TT], displays (3.2) and (3.3), 
that 

A = a, B = ft + N, A 1 = a + mN, B 1 = ft, 
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and that 

(2.2) o + mjg + AO 

1 + m 

with N := Y2i n i- Recall also that the point (Aq, Bq), with Aq < Bo, will be a vertex of 
all the Newton diagrams that arise when running Varchenko's algorithm on <fi, so that 
we must have + N = B > 2, since h{<p) = 2. Then (EJ) implies that d x > ^ > 1, 
so that ni = m(<p) > 2. 

Since d x < h(<f>) = 2, Q implies that /3 + iV<2 + ^<3. But, if we had (3 + N = 3, 
then the conditions c/ x . < 2 and m > 2 would imply a = 0, m = 2, hence = 2, and 
so the coordinates a; would be adapted, contradicting our assumption. 

Therefore, we must have /3 + N = 2. Then /3 = 0, iV = ni = 2 and a < 2, and thus 
the change of coordinates 

Vi ■= xi, y 2 := x 2 - ci x™ 

transforms the principal part (j) w into 4> pr (y) = cyfy%. This implies h(<p pT ) = 2 = h(4>). 
Notice also that in this case the principal face of the Newton polyhedron of <p, when 
expressed in adapted coordinates, must be the unbounded half-line with left endpoint 
(a, 2), so that v(<f>) = 0. 

Q.E.D. 

We recall the following lemma, which is a (not quite straight-forward) consequence 
of van der Corput's lemma and whose formulation goes back to J. E. Bjork (see [9]) 
and G.I. Arhipov [TJ. 

Lemma 2.2. Assume that f is a smooth real valued function defined on an interval 
Icl which is of polynomial type m > 2 (m G N), i.e., there are positive constants 
Ci, c 2 > such that 

m 

Ci < — c 2 for every s G I. 

i=2 

Then for X G R, 

J^ x ^g(s)ds\<C\\g\\ CH i ) (l + \\\r 1/m , 
where the constant C depends only on the constants c\ and c 2 - 

2.1. The case where the coordinates are adapted to 0, or where h = 2. We 

shall begin with the easiest case where either the coordinates x are adapted to 0, or 
h = 2 and condition (ii) in Lemma 12.11 is satisfied. 

Recall from [11] that if k = (ki, k 2 ) is any weight with < Ki < n 2 such that the line 
L K := {(ti,t 2 ) G M. 2 : n±ti + K 2 t 2 = 1} is a supporting line to the Newton polyhedron 
J\f(4>) of <j), then the n-principal part of (p 

(j) K (x 1 ,x 2 ) := ^ °jkx{x 2 
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is a non-trivial polynomial which is K-homogeneous of degree 1. By definition, we then 
have 

4>(xi, £2) = £2) + terms of higher K-degree 

(see [H] for the precise meaning of this notion) . 

We claim that we can choose a weight k with < K\ < H2 < 1 such that L K is a 
supporting line to the Newton polyhedron of <p and 

]— r = d h {<j) K ) < h(4> K ) = h. 
\k\ 

Indeed, in case that the coordinates are adapted to 0, this has been shown in [T2] . 
Lemma 2.4. And, if the coordinates are not adapted to <fi but h(<fi pv ) = h(<j)), then the 
principal face is a compact edge, and we can choose for k the principal weight, so that 
0k = P r • Notice that we have k 2 < 1, since V0(O, 0) = 0. 

Let us denote by S r the dilation by the factor r > associated to the weight k, i.e., 
S r (xi,X2) = (r Kl £i, r K2 x 2 )- 

In analogy with the proof of Theorem 11.1 in [12] we fix a suitable smooth cut-off 
function \ on ^ 2 supported in an annulus D such that the functions Xk '■= X°$2 k form 
a partition of unity, and then decompose 

00 

m = y, mo, 

where 



k=ko 



J fc (f) : = / e^^+^+^^Xk^dx 



2 fe|K| / eV J 7](5 2 -k(x))x(x)dx, 



-) 2 

with (p k (x) := 2 fc 0(<5 2 -fex) = (j) K {x) + error term. 

We claim that given any point x° G D, we can find a unit vector e£R 2 and some 
j e N with 2 < j < = /i such that ^ 0. 

Indeed, if the coordinates are adapted to 0, then this has been shown in Section 7 
of [12], and if they are not adapted to 0, then the same is true whenever x° does not 
lie on the principal root of K , as shown in Section 8 of [12]. However, if x° does lie an 
the principal root of K , then according to Lemma [2.11 we may choose j = 2. 

For k > k sufficiently large we can thus apply Lemma 12.21 to the integration along 
lines parallel to the direction e in the integral defining near the point x°. Applying 
Fubini's theorem and a partition of unity argument, we thus obtain 

\Jk(0\ < C\\ V \\ c s m 2- fc l K '(l + 2-%|)- 1/j 

(2.3) < C|M| C 3 (ffi2) 2-*W(l + 2- fc |e|)- 1 / m , 

where m denotes the maximal j that arises in this context. 
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Summation in k then yields the following estimates: 

( (l + l^l)- 1 /™, ifm|K|>l, 

(2.4) | J(0| < C\\r)\\ C 3 m { log(2 + (1 + Kl)" 1/m , if m\n\ = 1 , 

[ (1 + |£|)~ |ft| , ifm|K|<l. 

Now, if h(4>) = 2 and if the coordinates are not adapted to <p, then m = m(0 pr ) > 
d((j)) = so the first case in (j2.4p applies. This implies fjl.lj) . in view of Lemma 

O(ii). 

Next, assume that the coordinates are adapted. If the principal face 7r(0) is a 
compact edge, then <p K = <p pT , hence 1/|ac| = d(4>) = h, and moreover m < h. This 
implies \n\rn < 1. Since in this case, by Lemma 11.51 v {4>) = 1 if and only if m = 
m (0pr) = h((j)), i.e., if and only if m|«| = 1, we again obtain estimate (II. ip . 

If 7r(0) is unbounded, then m = h and < /i, so that the first case in (12. 4p 

applies and we again verify (II. ip . 

Finally, if 7r(0) is a vertex, then 1/\k\ — h — m, so that the second case in (12 .4p 
applies and we obtain (II .ip also in this case. 



2.2. The case of non-adapted coordinates: the contribution of regions away 
from the principal root jet. Assume next that the coordinates x are not adapted 
to <p and that h > 2. 

As we already explained in Section [TJ based on Varchenko's algorithm we can then 
locally find a smooth real- valued function ip which defines an adapted coordinate system 

(2.5) yt := x ± , y 2 := x 2 - ip{xi) 

for the function <fi near the origin. In these coordinates, <fi is given by 

<p a (y) :=<l>{yi,y2 + il>{yi)). 

In the case where Varchenko's algorithm stops after a finite number of steps because 
the principal face vr(0 a ) is a compact edge and m(0p r ) = d(<f) a ), we meet the following 
convention: 

We assume that we have then run the algorithm one further step (as in the proof 
of the implication (b) =^> (a) in Lemma ll.5p . so that we may assume that vr(0 a ) is a 
vertex, i.e., the point (h,h). Under this convention, vr(0 a ) will be a vertex whenever 
u(cf>) = 1. 

Consider the Taylor series 
(2.6) 

2>1 

of ip, where the hi are assumed to be non-zero. After applying a linear change of 
coordinates, if necessary, we may and shall assume that b\ ^ and that the mi G N 
form a strictly increasing sequence 

2 < mi < m 2 < • ■ ■ . 
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Suppose that the vertices of the Newton diagram Md{(t> a ) of <p a are the points 
(Ai,Bi), I = 0,...,n, so that the Newton polyhedron M{(j) a ) is the convex hull of 
the set Uz((A, B i) + where A { < A l+1 for every / > 0. 

Let Li := {(ti,t 2 ) G N 2 : n\t\ + n l 2 t 2 = 1} denote the line passing through the points 
(Ai-i,Bi-i) and (Ai,B{), and let a; := k 1 2 / k [- The a/ can be identified as the distinct 
leading exponents of all the roots of <p a in case that <p a is analytic (see Section 3 of 
|12j). and the cluster of roots whose leading exponent in their Puiseux series expansion 
is given by a\ is associated to the edge 7; := (A h B{)\ of Af((p a ). 

As in Subsection 8.2 of [12], we choose the integer Iq > 1 such that 

a < •■■ < a Jo _i <mi< ai < •■■ < ai < a i+ i < ■ • ■ < a n . 

As has been shown in Section 3 of [12], the vertex (Aj -i, A -i) li es strictly above 
the bisectrix, i.e., A[ _i < Bj _i, since the original coordinates x were assumed to be 
non-adapted. 

Distinguishing the cases listed below, we single out a particular edge by fixing the 
corresponding index A > Iq as in Section 3 of |12j : 

Cases: 

(a) In case (a), where the principal face of <f) a is a compact edge, we choose A so 
that the edge 7a = [(Ax-i,B\-i),(A\,B\)] is the principal face 7r(0 a ) of the 
Newton polyhedron of a . 

(b) In case (b), where 7r(0 a ) is the vertex (h,h), we choose A so that (h,h) = 
(A\, B\). Then A > 1, and (h, h) is the right endpoint of the compact edge 7a- 

(c) Consider finally case (c), in which the principal face 7r(0 a ) is unbounded, namely 
a half-line given by t\ > v\ and t 2 = h, where v\ < h. Here, we distinguish two 
sub-cases: 

(cl) If the point (ui, h) is the right endpoint of a compact edge of J\f(4> a ), then 
we choose again A > 1 so that this edge is given by 7a- 

(c2) Otherwise, (vi,h) = {A ,B ) is the only vertex of A/"(0 a ), i.e., N((j) a ) = 
(yi, h) + K 2 , . In this case, there is no non-trivial root r, hence n — 0. 

In the cases (a), (b) and (cl), let us put 

(2.7) a:=a x = -f . 

We shall assume in the sequel that is analytic, since the general case can be reduced 
to this case as in [12] . 

In a first step, we now decompose J(£) = J 1_Pl (0 + J pl (£,)i where p\ is the cut-off 
function introduced in Subsection 8.1 of [12] which localizes to a narrow ^-homogeneous 
neighborhood of the form 

(2.8) ix 2 -6ixri<^r 
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of the curve x 2 = bix™ 1 . 

Lemma 2.3. Let ei > 0. If the neighborhood Q of the point (0,0) is chosen sufficiently 
small, then J 1-Pl (£) satisfies estimate (II. ip . 

Moreover, if M{(j) a ) is of the form (vi,h) + with V\ < h, (case (c2) above), then 
the same statement holds true for J(£) in place of J 1 ~ pl (£,)- 

Proof. The oscillatory integral J 1_Pl (£) can be estimated in a similar way as in the case 
of adapted coordinates by means of Lemma 12.21 and no logarithmic factor is needed. 
The reason for this is that any root of <p pi which does not agree with the principal root 
x 2 = bix™ 1 has multiplicity strictly less then d(4>), as can be seen from Corollary 2.3 
in [TTJ, so that the third case of (12. 4p applies. 

Moreover, if Af((f) a ) = {v u /i) + M+, with V\ < h, then we recall from the proof of 
Lemma 8.1 in [12] that </> K (x) = cx" 1 (x2 — bix™ 1 ) 11 , which implies h(<f> K ) = h(<f>^) = h, 
and we see that in this case we can again apply Lemma 12.21 to the ^-integration 
in order to see that also J Pl (£) satisfies (II. ip . without logarithmic factor, since here 
= dh{4>) < h. This proves also the second statement in the lemma. Q.E.D. 

We may and shall therefore from now on assume that the Newton polyhedron of a 
has at least one compact edge "lying above" the principal face, i.e., that one of the 
cases (a), (b) or (cl) applies. There remains to be considered. 

In a next step we shall narrow down the domain ( 12. 8ft to a neighborhood of the 
principal root jet of the form 

(2.9) \x 2 - ^(x!)] < N x xt\ 

where N\ is a constant to be chosen later. This domain is K A -homogeneous in the 
adapted coordinates y. More precisely, we fix a cut-off function p 6 C£°(R) supported 
in a neighborhood of the origin such that p = 1 near the origin, and put 

Pa(si,z 2 ) :=P{ ^ )■ 

Proposition 2.4. Let N\ > 0. If the neighborhood f2 of the point (0, 0) is chosen 
sufficiently small, then the oscillatory integral J 1 ~ PA (0 satisfies estimate (II. ip . 

Moreover, if the principal face vr(0 a ) is a vertex or unbounded, then the same holds 
true for J(£) in place of J 1 ^ px (0- 

Proof. To prove the first statement in the proposition, we decompose the difference set 
of the domains (12. 8p and (12.91) in a similar way as in Subsection 8.2 of jT2] into domains 

Di := {(x 1 ,x 2 ) : < \x 2 - ip(xi)\ < N^l 1 }, I = l , . . . , A - 1, 

which are /^-homogeneous in the adapted coordinates y given by (12. 5p , and intermediate 
domains 

Ei := {(xi, x 2 ) : N^x^ 1 < \x 2 - ^{ Xl )\ < e^ 1 }, I = / , . . . , A - 1, 
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and 

Here, the E\ > are small and the Ni > are large parameters to be determined later. 



and 



Notice that what will remain is the domain in (I2.9p . Deviating somewhat from our 
previous notation for / < A (and the one in [12]), we shall denote this domain by D\, 
i.e., 

D x := {{xt,x 2 ) : \x 2 - V>(zi)| < N\x\ x }. 
The localizations to these domains will be performed by means of cut-off functions 

Pl(xi,x 2 ) := p[ NixT j - p[ £ix? ) , / = I , • • • , A - 1, 
nix,, x 2 ) := P { £ixV ) (1 - p) [ ^—^ j , / = l ,. . . , A - 1, 

/ \ (x 2 -rj}{xx)\ , /x 2 -ip(x 1 )\ 
r l0 ^(x u x 2 ) :=p[ — N ^ lQ j, 

respectively by pa for the domain Da. 

Here, in each instance p G C£°(R) is a suitable cut-off function supported in the 
interval [—1,1] such that p = 1 near the origin. Accordingly, we decompose 

A-l A-l 
1=Iq — 1 

The first part of Proposition 12.41 will be verified if we show that each of the oscillatory 
integrals J Pi (£) and J n (£) arising in this sum satisfies estimate (11.11) . 

Now, the estimates of Section 11 in [12] show that the </ Ti (£) satisfy estimate (11.11) . 
even without logarithmic factor, so we only need to consider the J pl (£,)- 

Estimation of J Pi (£) for Iq < I < A — 1. Applying the change of coordinates (12.51) . 
performing a dyadic decomposition and re-scaling similarly as in the case of adapted 
coordinates, only with the weight k replaced by the weight k , we find that 

oo 

■7"(0 = X>(0, 

k=ko 

where 



J fc (e) = 2 k \ K \ / e V J Pf{y)v (S l 2 . k y)x(y)dy, 

with -0 fe (z/i) := 2 kK 2ip(2~ kK iy 1 ), <p k {y) := (j) a K i(y) + 2 k (f)^(5 2 _ k y), and 

f V2 \ ( V2 
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Here, 8 r denotes the dilation by r > associated to the weight k , and we have again 
decomposed 

where 0" depends in fact also on I and consists of terms of ^'-degree higher than 1. 

Since I < A — 1 we can then again estimate by means of Lemma \2.2\ applied 

to the ^-integration, by using Corollary 3.2 (i) in [12], and obtain 

14(01 < C||r / || C 3 (R2) 2- fc l Ki l(l + 2-^ 3 |)" 1/d ' l( ^ ) 
(2.10) < CH\ c z^ ) 2- k ^ l \l + 2- k Ur 1 / h 

since dh{4> a i) < h. This also implies 1 = \K l \dh{4> a i)\ < \ ft \h, so that a comparison with 
( 12.41) shows that summation over k yields 

\j pi io\ <c\\ v \\ C s m (i+m- i/h . 

We next turn to the second statement in Proposition 12.41 We have to show that also 
J PX (C) satisfies estimate ( II. ip . However, if the principal face vr(0 a ) is a vertex (case 
(b)) or unbounded (case (cl)) then Corollary 3.2 (ii) in [T2] allows us to argue exactly 
as before in order to see that (12.101) also holds for I = A. And, in case (b) we have 
\n\\h = 1, whereas in case (cl) we have \n\\h > 1, so that a comparison with (12. 4p 
shows that estimate (11.11) is indeed valid for J PA (£)- Q.E.D. 



2.3. The contribution of the homogenous domain D\ containing the principal 
root jet. In view of Proposition I2.4[ we may and shall from now on assume that the 
principal face of M{(j) a ) is a compact edge (case (a)). What remains to be estimated 
is the contribution of the domain (12. 9p to J(£), i.e., we are left with the oscillatory 
integral J PA (£)- This will require different arguments then those used in [T_2]. We are 
also assuming that X\ > 0. Recall also that according to our convention 

(2.11) m^lr) < d{<l> a ) = h, 

so that v{4>) = 0. This means that we have to prove that J PA (£) satisfies ( II. ip . without 
the presence of a logarithmic factor. 



2.3.1. Preliminary reductions. Following [T2] , Section 9, it will be convenient at this 
point to defray our notation by writing in place of <p a and r] in place of r] a , k in place 
of k a , 5 r in place of etc.. With some slight abuse of notation, we shall denote J PA (£) 
by J(£). 

After applying the change of coordinates (12.51) , this means that from now on we shall 
have to consider oscillatory integrals 

J(0 := jT a e J ( 53 ^ )+ ^ 1+6(X2+ " ( " )) ) p (^-), (a; )^, 
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where a = k 2 /ki > mi, and where Nq is a given, possibly large positive number. Notice 
that the integration takes place only over the domain 

(2.12) | x 2 1 < N xl 

We shall write m := m 1; so that ip can be factored as ip(xi) = x™a(xi), with a smooth 
function a satisfying <r(0) 7^ 0. J(£) can thus be written as an oscillatory integral 

(2.13) m = j^ p ^y x)dx , 

with a phase function 

F(x,0 := &(J)(x) + CiX! + bxTaix!) + &x 2 

depending on £ £ M 3 . The coordinates x are now adapted to 0. We shall again decom- 
pose 

(f)(x) =<p K + <f) r , 

where <p K consists of terms of K-degree strictly bigger then 1, the K-degree of (p K . 

In order to estimate J(£,), in a first step we shall decompose the domain (I2.12p into 
smaller, ^-homogeneous sub-domains. To this end, given any point c £ [0,AT ], we 
define 

J c (0--= [ e iF ^p(^^) V (x)dx, 

where > will be a sufficiently small constant (the cut-off function p here is possibly 
different from the one in (I2.13P ). 

In order to prove that J(£) satisfies estimate (11. ip . it will be sufficient to show that 
for every c £ [0, iVo] there exists an e > such that J c (£) satisfies (II. ip . as can be 
seen easily be means of a partition of unity argument. 

We therefore assume that c is fixed. Then we take again a smooth cut-off function 
X which is supported in an annulus D such that 

00 

X{8 2 k{x)) — 1 f° r every x £ supp rj \ {0}. 

k=ko 

Notice that we can assume that ko is a sufficiently large positive integer by choosing 
the support of 77 sufficiently small. Then we have 

00 

no = £ J ^)> 

k=k() 

where 

Mt):= [ e iF ^p(^p-)r,(x) X (S 2k (x))dx. 
After the change of variables x H- 5 2 -k(x) we obtain 
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(2.14) J k (0 = 2'^ k f e^ F ^p(^^) V (5 2 - k (x))x(x)dx 1 

J V £0^1 J 

where 

F k (x, s) := <f> K (x) + 2 k (j) r (5 2 - k (x)) + sixi + 5 2 xf a(2-' tlfc x 1 ) + s 2 x 2 , 
Sl : = 2 (1 ~ Kl)fc — , s 2 := 2( 1 ~ K2 ) fc ^, S 2 := 2( K2 ~ mKl ) fc s 2 , 
s := (si,s 2 ,S' 2 ). 

Note that 2 < m < a = K 2 j ' K\ and fc ^> 1, so that \S 2 \ ^> \s 2 \. Observe also that there 
exists a compact interval / such that x\ ~ 1 on /, so that for every (xi,x 2 ) in the 
support of the integrand of as given by (12.141) . we have 

X\ £ / and \x 2 — cx"| < £o- 

Recall also from (12.11) that we are assuming that |£| ~ |^|. 

2.3.2. Estimation of the oscillatory integrals </&(£)■ 111 order to estimate J k {0i we shall 
distinguish several cases depending on the size of the parameters s±, s 2 and S 2 . Recall 
here that £ is a function of £ 3 , s 1; s 2 and S' 2 . 

Case 1. \S 2 \ > M for some sufficiently large constant M ^> 1. In this case we can 
apply Lemma 12.21 to the a^-integration and obtain 

2~ feN |h||ci 



(2.15) \J k (0\<C- 



2-*|£|)Vs 



Case 2. |S 2 | < M, where M is chosen as in Case 1. Then |s 2 | <C 1, provided we 
have chosen ko sufficiently large. 

If we assume that there is some j > 1 such that 

(2.16) 4Mhc)^0, 
then we claim that 

2~ fc|K| lhllm 

< 2 ' 17 > S c (1 + 2 i*/r 

Indeed, by the homogeneity of </> K , if we choose e sufficiently small, then d 2 (f> K (x) ^ 
at every point x in the support of the integrand of Jk{€), so that the estimate follows 
for j > 2 from Lemma 12.21 again, this time applied to the x 2 -integration. Notice that 
the term 2 k cj) r (5 2 -k(x)) can be viewed as a perturbation term. Similarly, if j = 1, the 
estimate follows by an integration by parts with respect to x 2 . 

We observe that if (F2~T6|) holds for some 1 < j < h, then by (12351) . (12371) and (T23j) 
we obtain the desired estimate (11.11) . even without a logarithmic factor, since h > 2. 

We may and shall therefore henceforth assume that 

(2.18) di<f> K {l, c) = for 1 < j < h. 
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Recall that we are assuming that the principal face of M{<p) is a compact edge, so 
that 4> K = <f) pT and h = 1/\k\. 

Assume first that c = 0. Then necessarily pr (l,O) 7^ 0, for otherwise pr would 
have a root of multiplicity at least h at (1,0), which would contradict (12. lip . 

Assuming without loss of generality that pr (1, 0) = 1, we can then write (compare 
[12], Subsection 9.1) 

0pr (Zl, X 2 ) = xf Q(X 1 ,X 2 ) + X™, 

where Q is a K-homogeneous polynomial such that Q(l, 0) 7^ 0, and where B > h > 2. 

Recall that IS2I < M, so that | S2 1 <C 1. We now distinguish two subcases: 

Case 2. a. < M, and |si| > N for some sufficiently large constant N ^> 1. 

2~ ||~|i ^ 

Then an integration by parts in £1 leads to the estimate | I — i+ 2 -k\^\ > which 
in return implies (ll.ip . even without logarithmic factor. 

Case 2.b. IS2I < M, hence | S2 1 <C 1, and |si| < N, where N is chosen as in Case 
2.a. 

We shall show that, given any point (s°, S 2 ) G [— M, M] x [-N, N] and any point 
G J, there exist a neighborhood C/ of (s^,^), a neighborhood V of x^ and some 
u > 1/h such that we have an estimate of the form 

(2-19) I Jfe(OI < C- 

for every (si, S2) G £/, provided the function % i n the definition of Jfc(£) is supported 
in V and £0 an d k are chosen sufficiently small, respectively large. The same type of 
estimate will then hold also for every (si, S 2 ) G [— M, M] x [-N, N] and for the original 
function \ m the definition of Jfc(£), as can be seen by means of a partition of unity 
argument. Summing over all k, this will clearly imply the estimate (II. ip . even without 
logarithmic factor. 

To this end, first notice that for (s\, S 2 ) G U and k sufficiently large, the function 
Fk(x, s) can be viewed as a small C°°- perturbation of the function 

Br^fn _ \ 1 „0„ 1 cO^/'n^^,'Tl 1 „n 



F pr (x) := x*Q{x u x 2 ) + slxi + 5 2 V(0)^ 



Thus, if VF pr (0, x?) 7^ 0, then we obtain ( 12. 19ft . with cu = 1, simply by integration by 
parts. 

Assume therefore that (0, x°) is a critical point of F pr . Then x\ is a critical point of 
the polynomial function 

g{ Xl ) := slxx + S 2 V(0)< + x?, 

which comprises all terms of _F pr depending on the variable x\ only. Note that 2 < 
m < n, since n = l/«i > k 2 /k\ > m. It is then easy to see that g" and g'" cannot 
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vanish simultaneously at the given point x\ £ /, so that there are positive constants 
Ci, c 2 > and a compact neighborhood V of x\ such that 

3 

Ci < |</-^(xi)| < c 2 for every xi £ V. 

i=2 

This implies an analogous estimate for the partial derivatives $ Fk{xx, X2, s) of Fk, 
uniformly for (s 1 ,S 2 ) £ U and x 2 satisfying (12.121) . provided we choose U and e 
sufficiently small. Applying the van der Corput type estimate in Lemma 12.21 we thus 
obtain the estimate H 2 . 1 9 1) with u = 1/3, so that we are done provided h > 3. Notice 
also that if g"(xf) ^ 0, then by the same type of argument we see that (12.191) holds 
true with u — 1/2 > 1/h. 

We may thus finally assume that 2 < h < 3, and that g'{x\) = g"{x l Y ) = 0. In this 
case we have 

= h < 3 and — > m > 2, 

k-i + k, 2 K,i 

so that 1/k 2 < 9/2. 

Note that B < 1/ n 2 is a positive integer, and h < B < 9/2, so that either B = 4 or 
B = 3. We translate the critical point (x?, 0) of F pv to the origin by considering the 
function 

Fl (y) := F pr (x? + y u y 2 ) - g(x§ = yfQ(x? + y u y 2 ) + ^ (3) (x?) y\ + .... 

It is easy to see that this function has height W* := h(F$ r ) given by = 1 / 3 ^ 1 / 4 = 12/7, 
if B = 4, and /i» = Yy^g = 3/2, if B = 3. 

In both cases, has height W 1 < 2 (indeed, according to Arnol'd's classification 
of singularities, F^ r is of type E Q and -D4, respectively). We can therefore again apply 
Duistermaat's results in [10] to the oscillatory integral Jk{£) and obtain the estimate 
(I2.19p . with u = > l//i. Note here that the estimates in [10] are stable under 
small perturbations. 

Assume finally that c > 0. Then, by Corollary 3.2 (iii) in [12], our assumption 
(I2.18P implies that necessarily a = k 2 /ki £ N. 

We can then reduce this case to the previous case c = by performing another 
change of variables x 2 H- x 2 + cx\ in the integral defining Jfc(£). 

Indeed, this is equivalent to replacing the function ip in our previous argument by 
^"(^1) : = ^>(xi) + cx", and assuming that c = 0. Denote by <^(x 1 ,x 2 ) := 0(xi,x 2 + cx") 
the corresponding phase function. Then the coordinates (xi, x 2 ) are adapted to $ too, 
as can be seen as follows: 

Lemma 3.1 in [11] shows that (0 pr )'(xi, x 2 ) := pr (xi,x 2 + cx") is again a k- 
homogeneous polynomial whose principal face intersects the bi-sectrix, and m(0 pr ) = 
m((</> pr )"). Therefore (0 pr )" must be the principal part of (pK 

This completes the proof of Theorem 11.11 
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3. Sharpness of the uniform estimates 

In this section, we shall give a proof of Theorem 11.31 Observe that we may assume 
for this purpose that the coordinates (xi,x 2 ) are adapted to 0, so that d := d{4>) = h. 

We shall only consider the asymptotic behavior of J+(A), since the result for J- (A) 
follows from the one for J+(A) by means of complex conjugation. 

Remarks 3.1. If h < 2, then the phase function has a critical point at the origin 
with finite Milnor number, and can thus be reduced to a polynomial phase function 
by means of a smooth local change of coordinates at the origin (see [2]). Therefore, 
in this case we could apply the classical results for analytic phase functions by A.N. 
Varchenko [21]. However, we will give a more elementary argument which does not 
rely on this classification of singularities. 

Notice also that if h = 1, then the phase function has a non-degenerate critical point 
at the origin in our adapted coordinates, and we could apply the method of stationary 
phase in order to prove the existence of the limits in Theorem 11.31 (see [IH])We shall, 
however, proceed somewhat differently also in this case. 

3.1. The case where the principal face is a compact edge. We begin with the 
simplest case where the principal face 7r(0) is a compact edge. Arguing as in Subsection 
12.21 we mav then assume in addition that 

m(0 pr ) < d, 

since otherwise a suitable local change of coordinates would reduce us to the situation 
where the principal face is a vertex. 

Then there is a unique weight k such that vr(0) is lying on the line given by the 
equation K]ti + K 2 t 2 = 1- Without loss of generality we may assume that < Ki < n 2 . 
Recall also that then pr = (f> K and d = c4(0 K ) = 1/|k|, and that if we decompose 

4>{x) = (f) K (x) + (f) r (x), 

then <f) r is an error term whose Newton polyhedron is contained in the set {(fci, k 2 ) G 
1? : K\k\ + n 2 k 2 > 1}. 

In a first step, we shall reduce ourselves to the situation where the amplitude a is 
constant on a neighborhood of the origin. To this end, if Q is an open neighborhood 
of the origin in M 2 , let us introduce the subspace of amplitude functions 

L% 3 (fi) := {a e C 3 (fi) : a(0,0) = 0}. 

If a G Cq(Q) and if F is a smooth, real- valued phase function on Q, we consider the 
oscillatory integral 



J(A, F, a) := / e iXiMx)+F{x)) a(x) dx, A > 0. 
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Proposition 3.2. There exists a positive number e such that for any smooth function 
F G C°°(R 2 ) withN(F) C {(fci, k 2 ) G Z 2 : n^+^h > 1} there exists a neighborhood 
Q of the origin so that for any a G Cg(f2) the following estimate 

|J(A, F,a)|< 

/ioWs irue, u>zi/i a constant C(F) depending only on the C N (Q) norm of F, for some 
sufficiently large number N. 

Proof. If a G Cq(Q), then a can be written as a(xi,x 2 ) = Xiai(xi, x 2 ) + x 2 a 2 (xi,x 2 ), 
with functions ai, a 2 G C 1 (fi) whose C 1 -norms can be controlled by the C 2 -norm of a. 
Consequently for the oscillatory integral we have 

J(A, F, a) = J(A, F, Xidi) + J(X, F, x 2 a 2 ). 

We shall therefore estimate J(A, F,x\ai) (J(A, F,x 2 a 2 ) can be treated in a similar 
way). As before, we choose a suitable smooth cut-off function % on ^ 2 supported in 
an annulus D such that the functions Xk '■= X $2 k form a partition of unity, and then 
decompose 

00 

J(A, F,xiai) = ^ J(A, F,xiaiXfc). 

Here, 5 r denotes again the dilation by the factor r > associated to the weight k. 
Recall that by choosing Q sufficiently small we may assume that k is a sufficiently 
large number. After re-scaling, we may re-write 

J fc (A) := J(A, F.XiaxXh) 

as 

J k (\)=2-^ + ^ h [ e lX2 ~ k ^* +2kF ^ x ^x iai (5 2 - k (x))x(x)dx. 



If A2 k < M (with a fixed positive number M), a trivial estimate for the integral 
J fe (A) gives 

|J fc (A)|<C||a 1 || C o (n) 2-(N+ K1 ) fc , 

hence 

(3.20) Y. W)\<cJ^£, 

\2~ k <M 

if we assume without loss of generality that Q is a ball. 

Assume next that A2 _fe > M. Since ||2 fc F o <5 2 - fc — > as k — > +00, by choosing 
Q sufficiently small we may assume that \\2 k F o 5 2 - fe ||c m (n) is sufficiently small. 

Now, if m(<f) K ) > 1, we put m := m(</> K ). Then 1 < m < d. Notice that if x° G D 
is such that V0 K (x°) = 0, then, by Euler's homogeneity relation, also <fr(x°) = 0. 
Therefore, by applying Lemma 12.2} respectively an integration by parts, and assuming 
that M is sufficiently big, we see that 
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\Jk(X)\ < C(F)\\a 1 \\ cl{n) 2-^ + ^ k (l + 2~ k \r 1 / m . 

Summing in k, this implies 
(3.21) 

r (l + xy 1 /™, if m(H + k x ) > i , 

\JhW\<C(F)\\a\\c*(n) { log(2 + A) (1 + A)~ 1/m , if m(|«| + «0 = 1 , 
a2-*>a/ [ (l + A)-d K l +Kl \ if m(|«| + «0 < 1 . 

If we put £o := min{Ki, 1/m — 1/d}, we see that (I3.20p and (13.211) imply that 

\J(X, < , 

for every positive number e < e - Similar estimates hold true for J(A, F, £2^2), only 
with Ki replaced by k^- Since k\ < K2, we see that we can use the same range of e's 
also in this case and obtain the desired estimate in Proposition 13. 21 

There remains the case where m(4> K ) = 0. Here, <p K does not vanish away from the 
origin, and thus V0 K (x°) 7^ for every a; G D. Thus, choosing m = 1 here and 
applying one integration by parts, we again obtain estimate (I3.2ip . and can conclude 
as before, if d > 1. 

Finally, if d — 1 (notice that necessarily d > 1, since V0(O, 0) = 0), applying two 
integrations by parts to Jfc(A), we obtain 

£ |^(A)|<C(F)||a|| C 3 (n) A^I +Kl ), 

A2- fc >M 

where = 1. Thus, we can choose e :— K\ in this case. 

Q.E.D. 

Let us now consider the oscillatory integral 

J+(A) := / e iX ^r](x) dx, 



where 77 G Co°(fi). Choose a smooth bump function %o supported in Q which is iden- 
tically 1 on a neighborhood of the origin. Then, if we choose Q sufficiently small, 
Proposition 13.21 implies that the oscillatory integrals J+(X) and 77(0, O)J(A), with 

J(A):= / e a ^ X o(x)d Xl 



differ by a term of decay rate 0(X l ' d £ ). This shows that, in order to prove Theorem 
11.31 in this case, it suffices to prove that the limit 

(3.22) lim A 1/d J(A) = c 

A— >+oo 

exists and that c 7^ 0. 
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To this end, put 5 := e/4, with e > as in Proposition [321 an d define the polynomial 
functions P and Q by 

Q( x ) := V ^4^x a =:0 K (x) + P(x). 
^ Q;! 

H<l/<5+3 

Notice that all the derivatives of the function e^^) - ^" up to order 3 are uniformly 
bounded with respect to A on the set where \ 5 \x\ < 1. We therefore decompose 



J(A) = y e lA ^ X o(*)xo(A d x)da; + y e^ X o(x)(l - Xo(A d a:)) dx. 

Due to Proposition 13.21 (with F := P), the second summand has decay rate of order 
0(A -1 / d-e+35 ) = 0(X~ 1 ^ d '' s ) as A — > +oo, if f2 is supposed to be chosen sufficiently 
small. In order to prove (I3.22p . we may therefore replace J(X) by the first summand, 
J (A), which we again decompose as 



J (A) = / e iX ^ Xo (x) Xo (X s x)dx 



Again, by applying Proposition 13. 2^ we see that the second summand has decay rate 
0(\~ 1 / d ~ 5 ) as A — > +oo, and thus we are reduced to proving that the limit 

lim X 1/d [ e iXQ{x) Xo(x) dx = c 

A— >+oo J 

exists and that c ^ 0. But, Q(x) = <p K {x) + P(x) is a polynomial, with principal part 
4> K , and therefore this statement follows from the classical results for analytic phase 
functions due to Varchenko [2T] (see also [7]). 

3.2. The case where the principal face is a vertex. Assume now that 7r(0) = 
{(d,d)} is a vertex, so that in particular d is a positive integer. After multiplying the 
phase function with a suitable real constant (this can be implemented by means of 
a suitable scaling in A and, possibly, complex conjugation of J + (A)), we may assume 
without loss of generality that the principal part of (f> is given by 

0pr (x) — XiX 2 - 

We may also assume that the coordinates (xi,X2) are super-adapted, in the sense 
of Greenblatt 0. Then, if d — h — 1, according to Lemma 1.0 in [7], the critical 
point of cf) at the origin is non-degenerate, and thus the statement of Theorem 11.31 is a 
well-known consequence of the method of stationary phase. 

Let us therefore henceforth assume that d = h > 2. 
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3.2.1. Two compact edges. First, assume that the Newton polyhedron J\f(4>) has two 
compact edges containing the vertex (d, d) as one of their endpoints, say j a , lying 
"above" the bi-sectrix and on the line given by K±ti + K 2 t 2 — 1) and 7ft, lying "below" 
the principal face and on the line given by K\t\ + n 2 t 2 = 1- Notice that then 

(3.23) a := -| < -f =: b. 

Lemma 3.3. The function can be written as 

(f)(x 1 ,X 2 ) = xfx 2 + <t> a (xi, X 2 ) + <t>b(xi,X 2 ), 

where (p a (xi,x 2 ) = x 2 (j) a (xi,x 2 ) and (f>b(xi,x 2 ) = xf(pi > (xi,x 2 ), with smooth functions 
(j) a and <f> b . 

The proof of Lemma 13.31 is straightforward. Notice also that we have 

X d x X 2 + (f) a (Xt , X 2 ) = (fi K * (Xi ,X 2 ) + 4> a ,r and x(x 2 + 0ft (Xl , X 2 ) = 4> K b (Xi , X 2 ) + 4>b,r , 

where <fi K a is K a := Atf) -homogeneous of degree 1, and a>r . consists of terms of 
K a -degree higher than 1, and where the analogous statements holds true for <p K b and 

Lemma 3.4. After applying a suitable smooth local change of coordinates at the origin, 
we may assume that the functions x\ H- K a(xi, ±1) and x 2 h-> K b(±l, x 2 ) have no root 
of multiplicity greater or equal to d, respectively. 

Proof. We may assume that b > 1, for otherwise, after interchanging the coordinates 
Xi and x 2 , we will have b > a > 1. 

Then, the proof of Theorem 7.1 in [7] for the existence of "super-adapted coordinates" 
shows that, after applying a suitable local change of coordinates at the origin, we may 
assume that (p K b(±l,x 2 ) has no non-zero root of order greater or equal to d (of course, 
the edge 7& may have changed and even have become unbounded, but this would be 
a case to be considered later). We also remark that the change of coordinates in [7] 
is such that the edge 7 a remains to be an edge of the Newton diagram in the new 
coordinates. 

According to Proposition 2.2 in [llj . we can then write, say for X\ > 0, 

(j> K b{x u x 2 ) = x°x^ Y[( x l ~ c i x iY l , 
i 

for suitable integers a, (3 > and p, q > 1 such that p/q = b, where q G C \ {0} and 
?ii G N \ {0}. Since we are assuming that (d, d) is the upper vertex of the edge %, we 
see that a = d and (3 + (J2i n i) ( l = d. Therefore, necessarily (3 < d, which shows that 
(j) K b(±l, x 2 ) that also x 2 = is no root of order greater or equal to d. 

We now turn to <p K a. If a < 1, after interchanging again the coordinates X\ and x 2 , 
hence also the edges 7 a and 7&, we may assume that X\ (j> K a(x\, ±1) has no root of 
multiplicity greater or equal to d, and that a > 1. Applying then the previous argument 
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again to 75, we see that in addition we may assume that K t(±l,X2) has no root of 
multiplicity greater or equal to d, and are done. 

Assume finally that a > 1. Then we can accordingly write 

<p K a(x 1 ,X 2 ) = X*X%Y[( X 2 ~ ClX\) n \ 
I 

where now p/q = a. Since (d,d) is the lower vertex of j a , we see that (3 = d and 
a + (X^ n{)p = d, hence a < d. Moreover, if a ^ N, then Corollary 2.3 in [11] shows 
that ni < d for every /, which shows that ±1) has no root of multiplicity greater 

or equal to d. 

And, if a G N, then q = 1 and p = a > 1, hence ni < n\p < d, so that again ni < d, 
and we can conclude as before. Q.E.D. 



Let us assume in the sequel that the adapted coordinates are chosen so that the 
conclusions in Lemma 13.41 do apply, and consider again the oscillatory integral 

J + (A) := / e iX ^ x) r](x)dx. 



Note that in this case we have to prove that 

\i/d 

hm — -J + A) = ct7(0), 

A->+oo log A 

where 0. 

With xo as before, let us consider the oscillatory integrals 

Ji(A) := J e iX ^(r)(x)-r)(0)xo(x))dx 

and 

J(A) := / e iX ^ Xo (x)dx. 



We then have the following substitute for Proposition 13.21 which allows to reduce to 
proving that the following limit 

(3.24) lim J(A) = c 

a^+oo log A 

exists and is non-zero. 

Lemma 3.5. If Q is chosen sufficiently small, then the following estimate 

C\\v\\c*(n) 



\JiW\ < 



holds true. 
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Proof. Permuting the coordinates x%,x 2 , if necessary, we may choose a weight k = 
k 2 ) with < K\ < k 2 , such that the line given by K]t\ + K 2 t 2 = 1 is a supporting 
line to M{4>) which contains only the point (d,d) of N{4>). Arguing now in the same 
way is in the proof of Proposition I3.2[ with m := d, we obtain the desired estimate. 

Q.E.D. 

Choose a smooth cut-off function x° Co°0^) supported in a sufficiently small 
neighborhood of the origin. In order to prove (I3.24p . let us decompose 

J(X) = J (A) + Joo(A), 

where 



(3-25) MX) := J e^^ Xo ( Xl , x 2 ) X ° J X° [-^j dx, 

(3.26) ^oo(A) := / e^^ X o(xuX 2 ) (l - X ° ( z^Tt) X° ( zAyE ) ) 



£ Fi / \^F2 



where e > will be chosen later. 

Lemma 3.6. Let e > 0. Then, ifVL is chosen sufficiently small, the following estimate 

C|Mlc* 2 (n) 



|Joo(A)| < 



holds true. 

Proof. We decompose Joo(A) = J a (X) + Jb(X), where 

x 2 



dx 



£\Xi\ 

J b (X) := I e^^xo^, x 2 ) ( 1 - X ° ( * j \ X ° ( -g- ) rf* 



and show that both terms separately satisfy the estimate in Lemma 13.61 

We begin with J a (A). Using the dilations S r associated to the weight K a , we dyadically 
decompose J a (A) = J^l^Lko Jk(X) in a similar way as in the proof of Lemma l3~2l Here, 
after re-scaling, Jfc(A) is given by 

4(A) = 2~^ k J e^^ +2 ^^^) X o(5 2 -(x)) (l -x° (^7p)) X(x!,x 2 )rfx, 
where |/t a | = 1/d. Notice that 

\xi\ < 1 and e < \x 2 \ < 1 

I J- I r^j r^j I ^ I rsj 

for every (xi,x 2 ) in the support of the integrand. Let m denote the maximal order of 
vanishing of <f> K a transversal to its roots on this domain. Then m < d, since, according 
to Lemma I3~!4l we are assuming that <f> K a (xi, ±1) has no root of order greater or equal to 
d. Consequently, we have m|K a | < 1. Arguing as in the proof of Lemma \3. 21 in order to 
estimate the Jfc(A), and summing in k, we then find that | J a (A)| < CA - ! K °! = CX^ 1 ^. 
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Finally, J&(A) can be estimated in a very similar way, making use of the dilations as- 
sociated to the weight K b in place of K a . Note that the additional factor x° (^x 2 / (e\x\\ a )j 
appearing in the integral defining J&(A) is under control because of (I3.23p . Q.E.D. 

The proof of (13.241) is thus reduced to proving the next 
Lemma 3.7. The following limit 

\i/d 

hm -J (A) 

a^+oo log A 

exists and is non-zero. Moreover, it does not depend on the choice of e. 

Proof. Let us first assume that the integer d > 2 even. 

We may also assume without loss of generality that x° is an even function and that 
Xo is radial, so that in particular 

X0O1, x 2 ) = Xo(±zi, ±x 2 ). 

This implies that, if we decompose the integral defining Jo (A) into the four integrals 
over each of the quadrants of R 2 , then, after an obvious change of coordinates, all 
four of them will have the same amplitude, as well as the same principal part x\x\ for 
their phases. Since we shall see that the leading term in the asymptotic expansion of 
Jo (A) will only depend on the principal part of the phase function, we may thus reduce 
ourselves to considering the integral J + (A) over the positive quadrant only. 

Notice that by (13.231) b — a > 0. In the integral for J I "(A) we apply the change of 
variables 

1 

x 2 = xtV2, xi = yfyi, 
and denote by <f> the phase function when expressed in the coordinates y, i.e., <j)(y) = 
(j){x). 

Observe that this change of coordinates is of class C 1 on the closed positive quadrant, 
and of class C°° away from the coordinate axes, and that it leads to the following form 
of the phase function <fi : 

d{l+b) 

4>(yuy2) = y d 1 (1+a) y 2 b - a (1 + p(vi,v s 2 )), 

where p(zi,z 2 ) is a smooth function with p(0, 0) = 0, and where 5 = 1/p > is some 
rational number. 

Indeed, the Newton polyhedron is transformed into H{4>) = (d, d) + under this 
change of variables, and since 

1 

x\ = y h 2 a y\, x 2 =y\y 2 

it is clear that if / is any smooth function of x which is flat at the origin, i.e., which 
vanishes to infinity oder at the origin, then /, defined by f(y) = f(x), can be factored 

d(l+b) 

as f(y) = V\ y 2 b a 9{y)i where also g is smooth and flat at the origin. 
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The oscillatory integral Jq{X) then transforms into 

where xo is of class C l on the closed positive quadrant, and of class C°° away from the 
coordinate axes, and Xo(0,0) = 1. 

Observe next that if M is any positive constant, then the contribution to the integral 
Jq(\) by the sub-domain where Xyf ■* < M is trivially of order 0(X~ 1 ^ d ) as A — > +00. 

We may therefore consider the oscillatory integral 

/(A) := J Je lX ^V 1 yF a Xo(j)xo(j)Uyi,y2)dy 2 dy 1 

A J/ f (1+a) >Af 

ViXol — )l-wt(X,yi)dyi 



\yf 1+a) >M 



in place of Jq(X), where M is a fixed, sufficiently large positive number. 

Assuming that e > is chosen sufficiently small, we may apply the change of variables 



z 2 :=y 2 (l + Pivlvi))^ 



to the inner integral 



.2, 

V £ 

which leads to 

^(l+a^f^.. ^2(1+^1,22))' 

where p and Xo,o have similar properties as p and xq, respectively. Changing variables 

i+t» 

in this integral to t :— z^ a , and applying some classical results on one-dimensional 
oscillatory integrals with critical points of order d (see A. Erde'lyi [5], Section 2.9), we 
thus obtain 

7te(A ' Wl) = IT? ( ( Ay ^))i/^ +iZ(A>yi) )' 

where 7^ is given explicitly by 

(3.27) C j: =^eS, 
and where the remainder term satisfies an estimate 

\R(X,yi)\< 



( Xy d(l+a)y /d+Sl 
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where S\ > is a positive number and where the constant C' d can be chosen indepen- 
dently of a and b (we mention this here for later use). The latter estimate implies 
that 

C 2 



ViXo 



VjjR(\y x ) dyi 



< 



X 1 / d '' 



\yf 1+a) >M 



whereas the corresponding integral over the principal part of imt(A, yi) behaves asymp- 
totically like clogA/A 1//d , as required. Explicitly, our argument shows that 



(3.28) 

if d is even. 



hm -Jo(A) 

A-s>+oo log A 



A b ~ a r 



Finally, if d is odd, a very similar reasoning shows that 



(3.29) 



\i/d 
hm -J (A) 

A^+oo log A 



l + b 



(C d + C d ). 



Q.E.D. 



We have thus proved the theorem in the case where the Newton polyhedron J\f(4>) 
has two compact edges containing the vertex (d, d) as one of their endpoints. 

Assume therefore next that at least one of the two edges containing the vertex (d, d) 
is unbounded. We shall then argue in a similar way as in the previous case, however, 
by approximating the unbounded faces by compact line segments which have (d, d) as 
one of their vertices and which lie on supporting lines to M{4>) whose angle with the 
unbounded face tend to zero. 



3.2.2. Two unbounded edges. Assume next that both edges containing (d, d) are un- 
bounded, i.e., that J\f((j>) = (d,d) + Let us then choose numbers a, b such that 
< a < 1 < b, where later we shall let a tend to and b to oo. We associate to a and 
b weights 

K a = ( 1 a ) K h = ( 1 b ) 

' V(l + a)d' (l + a)d/' ' V(l + 6)d'(l + 6)dA 

Then the supporting lines mentioned before will be given by K®ti + k\ = 1 and n\ti + 
«2 = 1) respectively, and the identities f!3.23|) remain valid. 

We can then proceed as in the previous case, reducing to the asymptotic analysis of 
J(A), which in return is decomposed into Jo (A) and Joo(A), given by ( 13.251) and ( 13.261) . 
respectively. We further decompose Joo(A) = J a (A) + J&(A) as in the proof of Lemma 

In place of this lemma, we here have 
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Lemma 3.8. Let e > 0. Then, ifVt is chosen sufficiently small, the following estimates 
(3-30) |j o (A)|<^(l + I ^_)A- 1 ^ 

(3.31) |j 6 ( A )|<A d (l + ^)A-^ 

hold true, with a constant Ad which does not depend on a and b, but only on d. 

Proof. We shall prove the estimate for J a (A); the proof of the corresponding estimate 
for Jf,(A) is obtained by the same kind of reasoning, essentially just by interchanging 
the roles of the variables x±, x 2 in the argument. Assuming that e is chosen sufficiently 
small, we may decompose J a (A) = JaW + J%°Wi where 

j« (A) := J e <^> Mxi , X2)x « (1 - x « (J!!_)) dx 

and 

J °°(A) := J e^>- ho(xi,x 2 ) (l - X° dx - 
Notice that the integrand of J°(A) is supported where 

eN° < \x*\ < -|xi| a , 
and the integrand of J^°(A) is supported where 

~N a < \x 2 \. 

Using a dyadic decomposition of </„(A) by means of the dilations 5 r associated to 
the weight n a , we can estimate «/°(A) in the same way as we did estimate J a (A) in the 
proof of Lemma [3.61 Notice to this end that the corresponding integrals J&(A) will be 
performed here over a domain where 

e l/a < |xi|<lande<|x 2 |<l. 

And, since now we have 4> K °.(xi, x 2 ) = xfx 2 , there is no root of multiplicity d or greater 
of <p K a on this domain, hence we obtain the estimate 

\J° a (\)\<C d \- 1/d - 

As for J^°(A), observe first that there is another smooth, even bump function x° 
which is identically 1 near the origin such that 1— x° (^x 2 /\xi\ a ) = x° {x\ / (e l I a \x 2 \ l I a )) . 
Moreover, even though this function will depend on a, we may assume that its deriva- 
tives are uniformly bounded for < a < 1. We accordingly re- write 

C(A) - / e^^xo(xuX2)x° (^^) 
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Decomposing the integral into the contributions by the four quadrants, we reduce our 
considerations to estimating the integral 



OO /"OO 



JO 



/(A) := / / e iX f^ X o(x 1 ,x 2 ) x° [ ~^~ a \ dxi dx 



Observe next that the phase function can be written as 



d-l 



<f>(xi, x 2 ) = xjx$a(x 1 ,x 2 ) + y^ j {xi(p 1/ {x 2 ) + x v 2 ^ v {xi)), 



u=0 



where the functions <p u ,ipv are smooth and flat at the origin and where a is a smooth 
function such that a(0, 0) = 1. This shows that the change of variables 

Xi := xl /a yi, x 2 := y 2 

will transform the phase function (ft into a phase function of the form 

d-i 

0(3/1,2/2) = yf l+1/a) (yi 6(2/1,2/2) + X^i^^ 2 )) =: ?/2 (1+1/a V(2/i,2/2), 

i/=0 

where the functions (p v are again smooth and flat at the origin and where a is smooth 
with 5(0,0) = 1. 

Accordingly, we re-write 



OO /"OO 



Notice that if M is any fixed positive constant, than the contribution to /(A) by the 
region where Ay^ 1 " 1 " 1 ^ < M is trivially bounded by C^/A -1 ^, with a constant Cm 
which does not depend on a, so that we may assume that \yf l+l,a) > M in the inner 
integral, where M is a sufficiently large constant. 

In order to estimate the inner integral, observe that the C M -norm of ip as a function 
of yi and y 2 may be very large as a — > 0, due the type of change of coordinates that we 
applied. However, for y 2 fixed, the cfth derivative of ip with respect to y\ is bounded 
from below by a fixed constant not depending on y 2 and a. Indeed, by choosing Q 
sufficiently small, it is easy to see that we may assume that ^(2/1,2/2) > a(0,0)d!/2 = 
d\/2. 

We may thus apply van der Corput's estimate in order to estimate the inner integral 
with respect to yi by C^Ay^ 1 "^ 1 ^) -1 ^ with a constant C which does not depend on 
a, and then perform the integration in y 2 , to find that 

logA_ 

LA 

as required. Q.E.D. 



W i<^(i + T ^)^, 
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We are thus left with the main term Jo (A), which can be treated exactly as in the 
proof of Lemma 13 .7\ so that the conclusion of this lemma holds true. In particular, 
the limit relations (I3.28j) and ( 13 .29 j) hold true. Letting a — > and b — > oo, we finally 
derive from those limit relations in combination with Lemma 13.81 that indeed 



where c is given by AC a, if d is even, and by 2{Cd + Co), if d is odd. This proves 
Theorem 11.31 also in this case. 

3.2.3. A compact and an unbounded edge. Finally, if one of the edges containing (d, d) is 
compact and the other one is unbounded, then let us assume without loss of generality 
that the edge lying above the bi-sectrix is compact, and the one below is unbounded. 
Then we define a := fi^Aa associated to the upper, compact edge as in Subsection 
13. 2. 1| and approximate the lower, horizontal edge by a compact line segment of slope 
1/b as in Subsection 13.2.21 and consider what will happen to the integrals J n (A), J&(A) 
and Jo(A), defined in the same way as before, when b — > +oo. 

Applying the same kind of reasoning as before, one then finds that J a (A) = 0(X~ 1 ^ d ) 
as A +oo, that J&(A) satisfies estimate (I3.3ip from Lemma \3.8\ and that the main 
contribution is again given by Jo(A), which can be treated as before by Lemma 3.6. 
We can then conclude as in the previous case by letting b — » +oo. 

This completes the proof of Theorem 11.31 Q.E.D. 

4. Fourier restriction in the case of adapted coordinates. 

Let us turn to proving the restriction estimate (jl.9p in Theorem II .71 We may assume 
that a; = (0,0), and that the hypersurface S is given as the graph x 3 = 0(xi,x 2 ) of 
a smooth, finite type function in adapted coordinates (xi,X2), which is defined in 
an open neighborhood Q of the origin such that 0(0, 0) = 0, V0(O, 0) = 0. Recall that 
then v(x°, S) = u(<f) and h(x°, S) = h = d(4>). 

If v(4>) = 0, then by A. Greenleaf's work [8] (compare also [TS], Ch. VIII, 5.15 
(b)), the L P (M. 3 )-L 2 (S) restriction theorem for the Fourier transform in Theorem 11.71 
is an immediate consequence of the uniform estimate in Corollary 11.61 for the Fourier 
transform of the surface carried measure pda of the hypersurface S. 

We shall therefore assume in the sequel that z/(0) = 1. This implies in particular 
that h = h((f>) > 2. Note that in this case Greenleaf's theorem misses the endpoint 
p = p c = (2/i + 2)/(2/z + l), on which we shall concentrate in the sequel. As we shall see, 
this endpoint can nevertheless be obtained if we invoke tools from Littlewood-Paley 
theory. Our approach has some resemblance to Stein's proof in [19], Ch. VIII, 5.16, of 
Strichartz' estimates for the Fourier restriction to quadratic surfaces from [20] . 

We shall denote by p the surface carried measure pda from Theorem 11.71 By de- 
composing M. 2 again into its four quadrants, we may assume without loss of generality 




J(A) = c, 
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that fj, is of the form 

(ji, f)= f f(x>, <j>(x')) v(x') da/, f G C (M 3 ), 

J(M.+) 2 

where rj(x') := p(x' , <j)(x'))-\/l + |V0(x')| 2 is smooth and has its support in a sufficiently 
small neighborhood Q of the origin. In the sequel, we shall split the coordinates in M 3 

as x = (a/, X3) e M 2 x M. If x is an integrable funtion defined on Q, we put 
/i x := (x ® 1)^, i.e., (/i x , /) = / f(x', ri(x')x(?/) 

J(R+) 2 

Observe that then 

(4.1) ^(-0 = ^(0. ^l 3 , 

with J X (C) defined as in Section [2j 

We next choose a weight k with < K\ < k 2 such that the line L K is a supporting 
line to the Newton polyhedron N(4>) and so that 

]— r = <4(0 K ) = = ^> 

This is possible, since according to Lemma 11.51 the principal face 7r(0) of M{4>) is 
either a vertex, or a compact edge such that m(^ pr ) = d{4>). In the first case, we have 
4> K {x\,x 2 ) = cx\x\, and in the second 4> K = <p pT , so that in both cases 

(4.2) m(0 K ) = h. 

The corresponding dilations will be denoted by S r . Fixing a suitable smooth cut-off 
function x > on M 2 supported in an annulus D such that the functions Xfc : = X $2 k 
form a partition of unity, we then decompose the measure \x as 

(4.3) fj, = ^2 Vk, 

k>ko 

where := /z Xfe . Let us extend the dilations 5 r to M 3 by putting 

8r(x',x 3 ) := (r Kl x 1 ,r K,2 x 2 ,rx 3 ). 
We re-scale the measure /i& by defining /xo,(fc) := 2~ fc /ifc o 5 e 2 -fe, i.e., 

(4.4) (/i ,( fc ), /) = 2^1^^, / o 5V) = / /(x', cj) k {x')) r!(6 2 - h x')x(x') da/, 

J(R+) 2 

with (j) k (x) := 2 fc 0(5 2 -fc^) = K (x)+error terms. This shows that the measures fJ>o,(k) are 
supported on the smooth hypersurfaces S k defined as the graph of (j) k , their total vari- 
ations are uniformly bounded, i.e., sup fc ||/Uo,(fc)||i < an d that they are approaching 
the surface carried measure ^0,(00) on S defined by 

(^0,(00), /) := / f(x', (f>(x')) r){0) X (x') dx' 
J(M+) 2 
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as k — > oo. 

We claim that there is a constant C such that 
(4.5) 1/^(01 <C(l + |£|)- 1/ft forevery^^ 3 ,*^ k . 



Indeed, we may again assume that |£i| + |£ 2 | < ^1^3 1 , where < 5 <C 1 is a sufficiently 
small constant, since for |^| + |£ 2 | > the estimate (14.51) follows by an integration 
by parts, if Q is chosen small enough, i.e., ko sufficiently large. 

We may thus in particular assume that |£| ~ \^\. Note that (14 .11) and (14.41) show 
that 

/^(-0=2^Jx*(5VO- 
Therefore, in view of (14.21) the estimate (12.31) for J k (£) = J Xfe (£) in Subsection 12.11 
implies in our case that 

1/^5(01 <C{l + 2- k \5\ k i\)- l '\ 

which yields g3J if |f| ~ |£ 3 |. 

According to Theorem 1 in [5] , the estimates in (14.51) imply the restriction estimates 

(4-6) ( [\f(x)\ 2 dpL , {k) (x)) <C\\f\\ p , feS(R 3 ), 



with p = (2h + 2)/(2h + 1), and the proof in [8] reveals that the constant C can be 
chosen independently of k. 

Let us re-scale these estimates, by putting 

f (r) (x):=r^/ 2 f(5\x), r>0, 
for any function / on M 3 . Then /( r ) = r - '^/ 2-1 / o S e r ~i, and (14. 6 p implies 

\f(x)\ 2 df, k (x) = [ \f (2 - k) {x)\ 2 d» Hk) {x) < C 2 2^ 2 ^ k \\fo5\ k \\ 2 p , 



hence 

(4.7) J\f(x)\ 2 dfi k (x)<C" 

with a constant C which does not depend in k. 

Fix a cut-off function \ e C^°(1R 2 ) supported in an annulus centered at the origin 
such that x = 1 on the support of x, and define dyadic decomposition operators A' k by 

& k f( x ) := X(^x') f(x',x 3 ). 
Then f \f(x)\ 2 d^ k (x) = J \AQ(x)\ 2 d{i k (x), so that flU]) yields in fact that 

\}{x)\ 2 dp k {x)<c 2 \\^:f\\t 
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for any k > ko. In combination with Minkowski's inequality, this implies 

1/2 / \ V2 / \ 1/2 



\f(x)\ 2 dn{x) 



E J \m\ 2 d» k ( 



X 



< ( E n A « 

vA;>fco 



P/2 N 



1/p 



< c 



1/2 



E i^/W 

\fc>fco 



LP 



since p < 2. 

Thus, by Littlewood-Paley Theory [19], we obtain estimate (11.91) . This completes 
the proof of Theorem 11.71 



5. Appendix: Proof of Lemma 11.51 

To prove Lemma [T75l we shall apply the techniques and results from [11], in particular 
the reasoning in the proof of Lemma 3.2 of that article. 

In order to show that (a) implies (b), we may assume without loss of generality that 
the coordinates x are adapted to 0, and that the principal face 7r(0) is a vertex, say 
ir(4>) = {(£,£)}, i.e., 

<f) pr (xi,x 2 ) = cx[x 2 . 

Assume that y is another adapted coordinate system, say x = F(y), where F is a local, 
smooth diffeomorphism at the origin, and write (j)(y) '■= <p(F(y)). 

Possibly after permuting the coordinates x\ and x 2 , we may choose a weight k = 
(ki, K2) with < K\ < K2 in the following way: 

Case I. If (£, £) is the right endpoint of a compact edge 7 of the Newton diagram 
of 0, then we choose the unique weight k so that 7 lies on the line L K := {(ii,^) £ 
M 2 : K±t\ + ^2^2 = 1} (which is then a supporting line to J\f ((/))). 

Case II. Otherwise, i.e., if J\f(4>) is contained in the half-plane ti > £, then we 
choose k so that the vertex (£, £) is the unique point of the Newton polyhedron M{(j)) 
contained in the supporting line L K . 

Permuting the coordinates y\ and y% , if necessary, we may assume without loss 
of generality that (x 1 ,x 2 ) = (F 1 (yi,y 2 ), F 2 (yi,y 2 )) satisfies aF ^°' 0) ^ for j = 1,2. 
Therefore, we can write the functions Fx, F 2 in the form 

(5.1) F 1 (y 1 ,y 2 ) = 2/1^1(3/1,2/2) + ^1(2/2), F 2 (y u y 2 ) = y 2 ip 2 (yi,y 2 ) +^2(2/1), 

where ipx, ip 2 , t]xi V2 are smooth functions satisfying 

^(0,0)^0, ^ 2 (0,0)^0, 771(0) =^(0) = 0. 

We may further assume that ^>i(0, 0) = ^2(0, 0) = 1. Denote by kj the order of vanishing 
of rjj at 0, j = 1,2. Then clearly kj > 1. 

Notice that in Case II, we may and shall assume that k 2 / kx > k 2 . 
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We first recall some observation from [TT]. If F K denotes the ^-principal part of F, 
then 

4>(yi, 2/2) = <Pk ° F K (yt, y 2 ) + terms of higher ^-degree, 

so that 

4>K = 4>K ° F K . 

Moreover, K o F K is a ^-homogeneous polynomial, so that its Newton diagram J\fd{4> K ) 
is again a compact interval (possibly a single point). In case that this interval intersects 
the bi-sectrix too, then it contains the principal face of Af(<j>). 

a) The case where k 2 > — , and either k 2 > aci, or K\ = k 2 and k x > 1. 

In this case, one finds that F K (yi,y 2 ) = (yi,U2) (see [H]), hence K = K , so that 
7r(0) = 7r(0) is a vertex. 

b) The case where /c 2 > ^, «4 = k 2 and fci = 1. 

Then k 2 > l,ki — 1, so that F K (yi, y 2 ) = (yi+ay 2 , y 2 ) for some constant o6l, hence 
0k(2/1) 2/2) = c (2/i + a y2) e y 2 - From a view at the Newton diagram of this polynomial, we 
see that tt(4>) = tt(4>) is a vertex. 

c) The case where k 2 < — . 

' z Kl 

As in the proof of Lemma 3.2 in [TT], we then introduce a second weight fi := (1, k 2 ), 
and choose d > so that the line L M := {{t\, t 2 ) G 1R 2 : t\ + ^2 = ^} is the supporting 
line to the Newton polyhedron M{4>). It has been shown in the proof of Lemma 3.2 in 
[TT] (Case c)) that the principal face of N{4>) then lies on the line L^. Noticing that the 
line is steeper than the line L K , we see that Case I cannot arise here, since otherwise 
we would have d y < d x , contradicting our assumption that also the coordinates y are 
adapted. And, in Case II, we see that (£, £) will be the only point of Af(4>) contained 
in L M , so that 0^ = pr . This shows that M = M o F^ = pr o F^. 

Moreover, the /x-principal part of F is given by F^yi, y 2 ) = (y x , y 2 + a 2 y^ 2 ), if k 2 > 1, 
and by F^yi, y 2 ) = (y 1 + a x y 2 , y 2 + a 2 y{), if k 2 = 1, with a x ^ if and only if k x = 1. 

In the first case, we obtain M = cy{(y 2 + a 2 y^) 1 , so that ir(4>) = 7r(0) is again a 
vertex. A similar reasoning applies in the second case, if a± — or a 2 = 0. And, if 
<ii 7^ 7^ a 2 , we find that M = 0(2/1 + ctiy 2 ) e (y 2 + a 2 yi) e . This means that the principal 
face of M{4>) is a compact edge passing through the point (£, £), and clearly m(<p pr ) = i, 
so that m(0 pr ) = £ = d(0). 

e) The case where k 2 = — . 

Observe that k\K 2 > K\, unless K\ = n 2 and k\ = 1, since k±/k 2 < 1 (the latter will 
only arise in Case I). 

Assuming first that k\K 2 > K b we then see that 4> K {yi,y 2 ) = (2/1,2/2 + O22/1 2 ), hence 
0k(2/i? 2/2) = cy{ (2/2 + 022/i 2 ) £ - This shows that again ir(4>) = 7r(0) is a vertex. 

Finally, assume that K\ = k 2 and fci = 1, so that also k 2 — 1. Then K is of the 
form 0^(2/1,2/2) = (yi + a 1 y 2 ,y 2 + a 2 y 1 ), hence 4> K (yi,y 2 ) = c(yi + a 1 y 2 ) l (y 2 + a 2 y x Y . As 
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before, this means that the principal face of Af(<fi) is a compact edge passing through 
the point (£,£), and we have m(</> pr ) = £ = d(<j)). 

There remains to show that (b) implies (a). To this end, we may assume without 
loss of generality that y = x, i.e., that x is an adapted coordinate system, and that 
7r(</>) is a compact edge and m(0 pr ) = d(<f)). We shall denote the latter by d. Let us 
denote by (A ,B ) and (A^Bi) the two vertices of 7r (</>), and assume that A < A 1 . 
According to [11], displays (3.2) and (3.3), we can then write the principal part of <ft a s 

(f)p T {x 1 ,x 2 ) = cxfx% \\{x 2 -cix™) ni , 
i 

where the q's are the non-trivial distinct complex roots of the polynomial 4> pr (l,x 2 ) 
and the nj's are their multiplicities. Moreover, there exists an Iq such that d = ni and 
such that q is real. 

We then apply the change of coordinates y\ := X\,y 2 := x 2 — ci x™, which preserves 
the mixed homogeneity of pr and transforms this polynomial into a polynomial of 

the same form, cx±x 2 — Qx™) ni , but now with (3 = d. The vertices of the cor- 

responding Newton diagram are given by (A Q ,B Q ) and (Ax,Bi) and lie on the same 
line as (A ,B ) and (Ai,Bi) (see [H]), where obviously B\ = (3 = d. This shows that 
(Ai,Bi) = (d,d), and consequently the principal face of the Newton polyhedron of 
is given by the vertex (d, d). 

Q.E.D. 
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